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A PROBABILITY PROTLEM OF OPTIMAL CONTROL
» 98K -

TFollowing ls a tranglaiion cf xr artisls by Acwiode
siaa A, M, Kolmoyorev, Ye. F. Mizhcher¥s ard . ..
derdcisn L. S. Foptrysgin of the Matacmarieal 1 :ti=
tute iwend V. A, S2sklev, Academy of Sclences UJL3%,
in the Russica:z.l 378 poruoilcal Leklagy, Akade.id
nauk SSSR (Reports from the Acedemy of Seierv.zes
DSSRY, Vol 145, Ko &, loseow 1962, pages $93w995.)

Let P (o, x. 1. y)— e the probabili‘y density of lcrkovis process
in an nedimensional Ruclidian spece R, (*» 3}, subjuet to Kolmogorov's

equation(l)
n n
ép S-\ o . Pp . 3
- he ) o K ———e V $ : _uf__:_:_ .
APELET -2 LIEE STt

Lst the sccond polit 3 move in the same space R, in ascordance

with the Zaw =z = z(t). <{he vicinity of point s moves along with ii;

this spacs is bounded Ly & closed surfsize I, =z ()4 =X, wvhica is similar

to a fix:zd surface T , the s=imllurity coefficient ¢ being emall (for

simplicity we shall consider I a sphere of a unit redius in the fola

lowiuz text). Ii is required that we determine the provebility

¥ (0, %, T) that the random point vhose transiticn density is subject to,
| (1) for example, Will intersect the surface 3, within the time 1

-l
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Thie nroblem wacr solved by Ye, F. Mishchenko ari L. 3, Fartrywgin
An their work(2) related to the needs of optisel control. Howevar,
the approximate forerula for the probabiliily 4. citainsd isn tedls werk
proved to be cumdborsens and 1ll suited for further wiilizatioan.

A. N, Eolmogerov having familisrised himaelf with refarance (2)
proposed on the basis of eonsidersiion of yvrohahilities anctias. censs .-
dersdly siqmwler expression for the app-oximation ¢f Ye. P. Mishohenko
and L. S. Ponnrvagin,  Tavever, ha offared ro orcof.

Tn tl e pressat xriicle there are ziver Xolmogoror!s forcouls and
its nroo? vroposad Ly Yo, ¥, Mocachalko and L. S, Puntryaria. This
proof 95 “ased on exprussions ¢ tsed in ralfermes ().

To 18 ymow (af (2)) viar ths ccotrad pradabiiily % (7, X, 1)
is & zolutioa of equaticn (L) end satisfies thu rezuirementa

v, x,1) =0, ¢, +. 1) g, = L. (2)

A. H. Yalcogorev proposwi "re follcwing formul- ‘.. the trincipal

portion K (G, X, 7, &) of the trobebility y :

K (s, x, 7, &) = en—t \P (5. x, 8, 2 (5)j b (s, ds, ()
where
; ¥ ) 'y N
a(s) = \ i_%.@.dz.; (4)
Ag S

A, 18 a Linear traneform in E = A,{ . vhich reducss the differsntial

forn Za‘l (s, z(s)) ag**@ to t&o form Z 05.- vend W (3, §)
is a harmonic functior setlsfying the requircmnt-
-2 -
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w(s, & =1 tr $€A4,2;, w(58 -0 tor |E] - .

Indirectly it 48 verified thiat the funetlion K (o, x. T, &)
daterminec hy formuls {2) satisfias equation (1) outside of pmnt « (s>

wo s::all show that in a cartain speclally selested samll elijpw
sold with 1ts centsr ai point ” (G), tre fmetton K (0, X, T, g)
and tre suiction ¥ (o, X, 1, 7)), wieo s coustractes 1o velersnce (2)
and whieh is the vrincuical putilon of fhe proustilaty B (:' Jey T), 39
aot diffe: " cacence, tral 1s, Lher soinetde wilh an s v oof
0 () for T-— 33+ € arnd the, ¢ "fer onde o (1) for ¥ —g < &.
Hence, by Tirtue of lesma 2 of reference (=) U rollow: *hat
K (s x, v,8) =T(s, x, 1, £),

In order to prove *t, wa srall imtroduce 1n .ne space (2,t) new

cocrdinatas dafined by formias 2 == § - z(f), 0 IS, 8o that

P
ol
|54

= €4 2 (@), ¥ = 1+ 2(s). Lot us assume turther that § = A,E.
For this aubatitolion of acordinates the funation K (g, X, T, &) will
be transformed tnte furetion () (g, E, 7, €), end the function

W is x 1 k) inte funetien @ (3, K, v, 8). spparently,
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. 3, ) B (9) ds, (5)

@ <.

whoere
g6, L. s, 0) == p g, AL + 2 (2. 5, A+ 2 ({55, (5)
“ua funstizu § fo, X, T, M) - 8 fundavertal soiutien of the
paraboile eg:iticn obiained from oguatisa (1) with a substitution of

|
s

coordinates 3. i



].. In reference (2) it is shown that the function P (o, §, 7, &) ‘—!
for lﬁ] = ¢ differs only *noneessentislly” from tls rggnitude G (0),
which is obtained in the following manvier., Let us =oive the Diriehlet

prodlea for the equation Aty == ( subjeet to conditions

wlo, Bw, =1, w, ) —0 for [E[— co.

Here H, is an allipscid cbtainsi froa the sphere gY by trensformation
Ag.  As we lvow, the fimetion w (¢, §) may be presented in :he form

n-3
w (s, §) = -—;;é‘i)l L1 (s, &, e), (M)

vhere [T (5, &, &) 15 a potontiel of a couhle laver formed by <ho sllip-
sodd H, st notnt E.

It i3 not difficult to as%abllsk the relationstir betwsen @ (o)
andf} (¢ ) Mhich figure in formla (4}. Indead, 1f we take into assount
the fact that che irtegral of the normal derivative or =urfase M,
with respest to potentisl of the coudle layer II (o, 5, 2) is equal to
tero, then differentiating ths rignt and ieft portions of expressions
(7) along the normal to /7, sni ihen intesrating over M, , we vill

demonstrate that

B(0) = Ty 2 (9), (8)

wvhere [ is & germa-funetion.
We shall show that Xolmogorov's function Q (3, E, T, £), determi.
ned by formla (5) alas differs only "non-essentially* from @ (6) for

| 181 =e. i



| Rilising the considerations snd evaluations of refersnee(?) it “T
oan be showm first of &1l that

<
Qb gy = {16 ks, Ol B s+ o (1. 1)
[ . .
vhere 7 (v, §, S, 1) 4% Greents function of the heal transwission

esuation:

7 s : - W) (10)

Gy E» 3, ‘1) e s Y LS

{45 (s — 5)i™?
Let vz calculate The sagnitude of tha o . (s, &, ¢ O)rids

for %0 == 8. s Lave

:
s 1~ . =z IR , R
et \vis oy, L E(s)ds
(V]

t
- ,n-'--zﬁ-» fm o (o i g
=1 A 10, e (’/' Hil=e {,3 (s} 755"") -3 (ﬁ)IdS'::
a

R (a)e—2 gt q
= R
7y 2fe }, £5 e 6.!;;’;2 et db A
c 1)
- £ F Ceigon Oy To £y \
TE LT e S J);;ggz,g tf (s} —B(z3) ds. (n
@
Tah § - @ o= g2 Then
h{ S5
gig) ¢ 4 ' « i {3) 1
S Y e Q"" /‘(Q‘*G[(is . % v/ ~'§ . ""1"‘!,! v s
(é“)ﬂfe - {.‘1‘ o~ 6)"/': ' ) (,'“}ﬂ,’:' .} xnf‘z € a: + @ (3’ d’ t)’
, , .

o

vherw @ (2, G, T) in limited for T — G 5 £ and ve have & magnitude of

i the erdey ef (1) fox T~ 3 > €. Carrylng out Lhe substitution .._{

vt

aﬁo



A e

| X = 1/4f, we sbal) ocbtatn K

oo
B(s 1 8 ()
P § e dt = (:/s P(? - 1) = «(q). (12)

Farther, it ocan be easily demonstrated that

e~ (16 5.5, 0) g, 2, [8(5) — B () ds = o (1). (13)
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